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Abstract. Let /i and /2 be two functions on some complex n-manifold 
and let 95 be a test form of bidegree (n,n — 2). Assume that (/i,/2) 
defines a complete intersection. The integral of if/ififi) on = 
ei, I/2P = £2} is the residue integral /J^ f^{(.i,(.2)- It is in general dis- 
continuous at the origin. Let xi and xz be smooth functions on [0, 00] 
such that Xj(0) = and Xj(oo) = 1. We prove that the regularized 
residue integral defined as the integral of dxi A 9x2 A ^p/ififi), where 
Xj = Xji\fj\'^/^j)j is Holder continuous on the closed first quarter and 
that the value at zero is the Coleff-Herrera residue current acting on 
ip. In fact, we prove that if <^ is a test form of bidegree (n,n — 1) then 
the integral of Xi9x2 A >fi/ifif2) is Holder continuous and tends to the 
9-potential [(I//1) A9(1//2)] of the Coleff-Herrera current, acting on (p. 
More generally, let /i and /2 be sections of some vector bundles and as- 
sume that /i © /2 defines a complete intersection. There are associated 
principal value currents and and residue currents and . 
The residue currents equal the Coleff-Herrera residue currents locally. 
One can give meaning to formal expressions such as e.g. A R^ in 
such a way that formal Leibnitz rules hold. Our results generalize to 
products of these currents as well. 

1. Introduction 

Consider a holomorphic function / defined on some complex n-manifold 
X and let Vf = /~^(0). Schwartz found that there is a distribution, or 
current, U on X such that fU = 1, The existence of the principal value 
current [1//] defined by 

{X)3ip^ lim / if/f 
^-0J|/|2>. 

was proved by Herrera and Lieberman in [TTj using Hironaka's desingulariza- 
tion theorem, jE] and gives a realization of such a current U. The 5-image of 
the principal value current is the residue current associated to /. By Stokes' 
theorem its action on a test form of bidegree (n, n — 1) is given by the limit 
as e — > (along regular values for of the residue integral 

(1) Ijie) = [ W/- 

One main point discovered by Herrera and Lieberman is that if ip has bidegree 
(n— 1, n) then for each k, /J^, (e) = 0{e^'') for some positive 5^- Using this, one 

can then smoothen the integration over |/p = e and regularize the residue 
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current by using smooth functions x defined on [0, oo) such that x is at 
zero and tends to 1 at infinity. In fact, we can make a Leray decomposition 
and write any (n, n)-test form as A df / for some k, where (/> is a test 
form of bidegree (n — l,n) whose restriction to |/p = t is unique, for each 
t > 0. Then writing the integral of xd/P/^)'/'// ^ts an integral over the 
level surfaces |/p = t and using Herrera's and Lieberman's result one sees 
that x(l/P/e)// is a regularization of the principal value current [1//]. It 
follows that the residue current can be obtained as the weak limit of the 
smooth form (9x(|/P/e)//- This is also a consequence of Corollary [SI below. 
A natural choice for x is x(*) = t/i^ + 1) and we see that we get the well 
known result that the residue current can be obtained as the weak limit of 
+ e)). We also briefly mention the more general currents studied 
by Barlet, P]. If we instead integrate over the fiber / = s in Q and let ip 
have bidegree (n — 1, n — 1) then the integral has an asymptotic expansion in 
s with current coefficients. The constant term is Lelong's integration current 
on Vf and the residue current d[l/ f] can be obtained from the coefficient of 

We turn to the main focus of this paper which is the codimension two case. 
Let / and g be two holomorphic functions on X such that / and g define 
a complete intersection, that is, the common zero set Vj^g has codimension 
two. Consider the residue integral 

The unrestricted limit of the residue integral as ei,e2 — > does not exist in 
general. The first example of this phenomenon was discovered by P 
and Tsikh in [l^l, and Bjork later found that this indeed is the typical case. 
See also |i2lj. Via Hironaka's theorem on resolutions of singularities one 
may assume that the hypersurface f • g = has normal crossings, which 
means that there is a (finite) atlas of charts such that /(C) = /(C)C'^ and 
ff(C) = ff(C)C^ where a and /3 are multiindices (depending on the chart) and 
/ and g are invertible holomorphic functions. It is actually the invertible 
factors which cause problems. One can always dispose of one of the factors, 
but in general not of both. However, if the matrix A, whose two rows are 
the integer vectors a and /3 respectively, has rank two there is a change 
of variables z = t(C) such that z°' = /(C)C" and = g{C)C^: see e.g. 
|16| . Hence, when a and f3 are not linearly dependent we can make both 
the invertible factors disappear. Problems therefore arise in so called charts 
of resonance where a and (3 are linearly dependent. Coleff and Herrera 
realized that if one demands that ei and €2 tend to zero in such a way that 
ei/el — for all k G Z+, along a so called admissible path, then one will 
get no contributions from the charts of resonance because one cannot have 
|/(C)C°I << 15(0^^1 if and /3 are linearly dependent. They proved in 
[HI that the limit, along an admissible path, of the residue integral exists 
and defines the action of a (0, 2)-current, the Coleff-Herrera residue current 
[8(1/ f) Ad{l/g)]. In Passare smoothened the integration over the set 
= 61} n {l^ip = €2} by introducing functions x as described above, and 
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he studied possible weak limits of forms 



f 9 

along parabolic paths (ei,e2) = {e'^'^,e^^) where s = (si,S2) belongs to the 
simplex S2(2) = {{x,y) G M^; si + S2 = 2}. He found that it is enough 
to impose finitely many linear conditions {nj,s) / to assure that (jSJ has 
a weak limit along the corresponding parabolic path. The linear conditions 
partition 5]2(2) into finitely many open segments and the weak limit of 
along a parabolic path corresponding to an s in such a segment only depends 
on the segment. We say that (£1,62) tends to zero inside a Passare sector. 
Moreover, as we assume that / and g define a complete intersection, the 
limit is even independent of the choice of segment. In this case it also 
coincides with the Coleff-Herrera current. One can obtain a 9-potential 
to the Coleff-Herrera current e.g. by changing the integration set in ^ to 
> ei}n{|(7p = €2} and pass to the limit along an admissible path or by 
removing the first 9 in (pj and pass to the limit inside a Passare sector. This 
9-potential is denoted [{1/ f)d{l/g)]. The main result in this paper implies 
that if Xj ^ C°°([0, 00]) satisfy Xj(0) = and Xi(oo) = 1 then, in the sense 
of currents 

(4) MmVii)MM!M = rigi], 

^1.^2-0 / g g^ 

and the action of the smooth form on the left hand side on a test form 
depends Holder continuously on (ei,e2) G [0,oo)^. For the particular case 
when Xji't) = t/{t + 1) our result, apart from the Holder continuity, was 
announced in [22]. Actually, it is possible to relax the smoothness assumption 
on one of the Xj in Q . As mentioned above, one can always dispose of one 
of the invertible factors. Say that we always arrange so that / = 1. Then, 
examining the proof, one finds that one may take xi to be the characteristic 
function of [l,oo]. Hence, 

i/p>ei fg '/ 9' 

with Holder continuity. Note that if we let both xi ^tnd X2 be the charac- 
teristic function of [l,oo] then this result is no longer true in view of the 
examples of P Tsikh and Bjork. 

Our result also generalize to products of pairs of so called Bochner-Martinelli 
blocks. Consider a tuple / = (/i, . . . , fm) of holomorphic functions on X. 
The residue integral corresponding to /, /J(ei, . . . , e^), is defined anal- 
ogously to 111). If we take the mean value of the residue integral over 
e = (ei,...,em) in the simplex Sm('5) = {s G M™; Sj = 6} we obtain 



where Cm is a constant only depending on m. It turns out, see (213, that 
the limit as 6 tends to zero of (EJ exists and defines the action of a (0, m)- 
current, which in the case / defines a complete intersection, coincides with 
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the Coleff-Herrera current and also with the currents studied in and [Tl^ . 
Based on the work in |2D] Andersson introduces more general currents of 
the Cauchy-Fantappie-Leray type in (2]. We will briefly discuss Andersson's 
construction in Sectional In short, he defines a singular form = Yl'^k fe-i' 
where the terms are similar to the form in (jSJ, and he shows that it 

is extendible to X as a current, , either as principal values or by analytic 
continuation. The residue current, R-^ , is derived from the current U-^ and 
equals the Coleff-Herrera current locally if / defines a complete intersection. 
If g is also a tuple of functions there is a natural way of defining the product of 
the Cauchy-Fantappie-Leray type currents corresponding to / and g so that 
formal Leibnitz rules hold, see j2EI- If / © 5 defines a complete intersection 
and XI1X2 £ C°°([0,oo]) vanish to high enough orders at zero and equals 1 
at infinity then we prove that the smooth forms 

Xi{\f\Vei)uf A^X2(.\9\V<^2)r^u3 and 

5xi(l/lVei)An^Aax2(blVe2)An^' 

are Holder continuous as currents for (ei, £2) € [0, 00)^ and tend to A 
and R-^ A R^ respectively as 61,62 — > 0; Theorem and Corollary ESI If 9 
is a function such that f (B g defines a complete intersection, our techniques 
can also be used to prove that 5xi(|/P/ei) /\ X2{\9\'^ / ^2) —>■ R^ when X2 
equals the characteristic function of [l,oo]. We use this to conclude that 
R^ has the standard extension property in the complete intersection case. 
Corollary For more historical accounts we refer to the survey article [2j 
by Bjork. 

The disposition of the paper is as follows: In Section[21we outline a proof of 
Q since the proofs of the more general statements about Bochner-Martinelli 
or Cauchy-Fantappie-Leray blocks are only more difficult to prove in the 
technical sense and to make it clear that it is not necessary to work through 
the constructions of Bochner-Martinelli or Cauchy-Fantappie-Leray type cur- 
rents in order to prove (01 . In Section El we recall Andersson's construction 
and explain some useful notation. Section 0] contains some fairly well known 
regularization results about Cauchy-Fantappie-Leray type currents. As An- 
dersson's formalism makes the arguments a little smoother we also supply 
the proofs. SectionlHlcontains the technical core of this paper. We study reg- 
ularizations of products of monomial currents which we then use in Section 
inito prove our main results; Theorem l2T] and its corollaries [23| [25l and l26l and 
Theorem [221 In Section d we see by explicit computations that Corollary 

holds for the example by Passare and Tsikh. This section is essentially 
self-contained. 



2. Sketch of proof in the case of two functions 

Let / and g be two holomorphic functions on X defining a complete in- 
tersection. We sketch how one can handle the difficulties arising in charts of 
resonance when proving Q. We study the integral 

f Xi{\f\Ve,)dx2{\9\Ve2) ^ 

(6) — A^ 
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where f is a test form of bidegree (n, n — 1). By Hironaka's theorem we 
may assume that / = C°/ ^ind g = Q^g are monomials times non- vanishing 
functions. One of the non-zero factors can be incorporated in a variable and 
so we assume that / = 1. We assume also that we are in a chart of resonance, 
i.e. that a and (3 are linearly dependent. After resolving singularities / and 
g no longer define a complete intersection in general, but on the other hand 
a degree argument shows that ^ ^ becomes a test form for any Cj 

dividing both / and g. See the proof of Theorem!^ for more details. Since 
a and (3 are linearly dependent, d(j/Cj A is a test form for all j such that 
Uj / 0, or equivalently, (3j ^ 0. Now, ^ equals 

where ^' = |gp is a strictly positive smooth function. It now follows from 
Corollary El that each term in this sum tends to zero as t\ and 62 tend to 
zero. Hence the charts of resonance do not give any contributions. 

3. Preliminaries and notation 

Assume that / is a section of the dual bundle E* of a holomorphic m- 
bundle E ^ X over a complex n-manifold X. We will only deal with local 
problems and it is therefore no loss of generality in assuming that E — > 
X is trivial. However, the formalism will run smoother with an invariant 
notation. As mentioned above, we will recall Andersson's construction in (2] 
and produce currents and and we emphasize that in the case E —>^ X 
is the trivial line bundle then C/-^ and are the currents [1//] and 
times some basis elements. On the exterior algebra AE of E, the section / 
induces mappings 6f: A'^'^^E — > A'^E of interior multiplication and 6'j = 0. 
We introduce the spaces £Q^q{X, A^ E) of the smooth sections of the exterior 
algebra oi E ® Tq^X which are (0, g)-forms with values in A^E. We also 
introduce the corresponding spaces of currents, &q ^(X, A^E). The mappings 
5f extend to mappings 5f : %^q{X, A^+'^E) % '^q{X, A'^E) with 5^ = and 

these mappings anti-commute with the 9-operator. Hence, ^^ ^{X, A'' E) is 
a double complex and the associated total complex is 

i C~\X,E) 4 C{X,E) 4 ... 

where C'iX^E) = ®q_k=r%,q{^^^^E) and Vf = 5f - d. We will refer 
to the total complex as the Andersson complex. The exterior product. A, 
induces mappings 

A : C{X, E) X C\X, E) ^ C+'{X, E) 

when possible, and is an antiderivation, i.e. Vj(r A cr) = V jt f\ a + 
(-l)V A V/CJ if r G C\X,E) and a € C'{X,E). If r G C{X,E) we 
write Tk,k+r for the component of r belonging to ^_^^.{X , A^ E) . Note 
that functions define elements of C^{X, E) of degree (0, 0) and sections of E 
define elements of £') of degree (1,0). One can show, see j2], that 

if X is Stein and the zero:th cohomology group of the Andersson complex 
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vanishes then for any holomorphic function h there is a holomorphic section 
of E such that 6f^ = h. This means that if / = (/i, . . . , fm) in some 
local holomorphic frame for E* then the division problem ^ fjil^j = h has 
a holomorphic solution. This cannot hold for all h if f has zeros and the 
Andersson complex can therefore not be exact in this case. Still, we try to 
look for an element u-^ G C~^{X,E) such that V fU^ = 1. To this end we 
assume that E is equipped with some Hermitian metric | • | and we let Sf 
be the section of E with pointwise minimal norm such that 6fSf = 
Outside Vf = /~^(0) we may put 

f ^ ^ Sf ^ Sf A jdsf)''-^ 

VfSf 6fSf-dsf ^ \f?^ ■ 

Observe that V/s/ has even degree so the expression Sf/VfSf has meaning 
outside Vf and it follows immediately that V/n = 1 there. The following 
theorem is proved in |^. 

Theorem 1. Assume that f is locally nontrivial. The forms and 
A are locally hounded if IHe A is sufficiently large and they have 
analytic continuations as currents <o 9^eA > — e. Let and denote the 
values at \ = Q. Then is a current extension of , has support on 
Vf and 

VfU^ = 1- Rf. 

Moreover, R^ = Rp^p + • • • + Rq,q where p = Godim{Vf) and q = min{m, n). 

Note that if Vy = then V fU^ = 1 on all of X, which implies that taking 
the exterior product with is a homotopy operator for the Andersson 
complex. The current R^ is the Bochner-Martinelli, or more generally, the 
Cauchy-Fantappie-Leray current associated to /, and if / = (/i, . . . , fm) in 
some local holomorphic frame, ei, . . . , e^, of then 

(7) R^ = [d^ A • • • A B^] A ei A • • • A e„ 

Jl Jm 

if / defines a complete intersection, see [2|. 

Now if fj, j = 1,2, are sections of the dual bundles E* of holomorphic 
Hermitian mj-bundles Ej X we can apply the above construction to the 
section / = /i © /2 of the bundle E^ ® E2 and obtain the currents U-^ and 
R^ . We could also try to combine the individual currents U-I'j and i2^J . It is 
shown in that the forms 

l/ipViAl/apV^, |/iP^u-^iA5|/2p^A^i^2 and d\fi\'^^ Au^^ Ad\f2\'^^ Au^^ 

which are locally bounded if 5He A is large enough, have current extensions 
to 9^eA > -e. The values at A = are denoted U^^ A U^^ A R^^ and 
R^^ Ai?-^2, respectively, and formal computation rules such as e.g. V f{U^^ A 
i?/2) = (1 - A Rf-^ = Rf-^ - Rf^ A Rf^ hold. It is also shown in [2E1 that 
if / defines a complete intersection then R^ = R^^ A R^'^ . 

We will use the names / and g, rather then /i and /2, for the sections of the 
two bundles and the symbol V, without subscript, always denotes Vj^g. We 
will use multiindices extensively in the sequel. Multiindices will be denoted 
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a and /3 or / and J and sometimes also r and p. The number of variables will 
always be n but it will be convenient to define multiindices by expressions 
like a = {aj)j^K for K C {1, . . . , n}. By this we mean that a = (ai, . . . , a„) 
where aj = if j ^ K and aj = aj if j G K. Hence, if z = {zi, . . . ,Zn) 
then = Wj^x'^j' similarly for d'^/dz°'. Multiindices are added and 
multiplied by numbers as elements in Z" and a it 1 = (ai it 1, . . . , a„ it 1). 
Also, |a| denotes the length of a as a vector in Euclidean space and #a is 
the cardinality of the support of a. 

Integration over domains in C" will always be with respect to the volume 
form {i/2Ydzi A dzi A ... A dzn A := {i/2)'^dz A dz if nothing else is said. 
If A is a Reinhardt domain in C" and is a function which only depends 
on the moduli of the variables and such that z°^ip(z) is integrable on A then 



if a is a non-zero multiindex. This simple fact will play a fundamental role 
to us in what follows and we will refer to it as anti- symmetry. 

Unless otherwise stated, the symbol x with various subscripts will always 
denote a smooth function on [0, oo] which is zero to some order at and such 
that x(oo) = 1. By smooth at infinity we mean that t x(1/0 smooth 
at zero. 

4. REGULARIZATIONS OF CAUCHY-FANTAPPIE-LeRAY TYPE CURRENTS 

Consider a function x as above and let x{s) = x(l/s). Then x is dif- 
ferentiable at s = and x'{s) = — x'(l/s)/s^. Letting t = 1/s we see that 
x'{t) = 0{l/t^) as t — ^ cx). This simple observation will be frequently used in 
the sequel. It follows that for any continuous function with compact sup- 
port in [0, oo) we have \Lp{et)x' {f^\ < C{t + 1)"^ for a constant independent 
of e. Hence by the dominated convergence theorem we see that 



and we have proved 

Lemma 2. Let x G ^'-'■([0, oo]) satisfy x(0) = and x(oo) = 1- Then 
(d/dt) xit/e) 6o as measures on [0, oo). 

Proposition 3. Assume x G C°°([0, oo]) vanishes to order £atO and satis- 
fies x(oo) = 1- Then 



for any test form (p. 

Proof On the set n = {{z,t) G C" x (0,oo); \f{z)\^ > t} we have, for all 
fixed e > 0, that 






f 



-x{t/e)Aip\ < C 




tV2 
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since ^x(*/e) = 0{t^~^). Hence we have an integrable singularity on Q and 
by Pubini's theorem we get 

°° d f f f f /"'-^'^ d 

-irXit/e) ulf,_^Aipdt = u^.^Atp —x{t/e)dt = 

J\f?>t J ' Jo at 



(8) / 4,_iX(l/rA)A(^. 

/ 

|/|2>t '^e,£ 



But J{t) = f\f\2y-i-uji_i A (/? is a continuous function with compact support 



in [0, oo) with J(0) = U^^_-^^.(f, see |^ or [2]. Hence by LemmalSlthe left 
hand side of (0 tends to C//^_^.(/3 and the proof is complete. □ 

If we take x(t) equal to appropriate powers of t/{t + 1) we obtain the 
following natural ways to regularize the currents C/-^ and . 

Corollary 4. For any test form tp we have 
and 

Proof. Letting = ^^/(^ + see that 

<^_iXKI/l7e) - ^ ^ 



and so Q follows from Proposition El To show that ifTT))! holds we first note 
that 



Hence 

A {BsfY-^ _ Sf _ VfSf _ ^ {BsfY 

Since differentiation is a continuous operation on distributions it follows from 
I® that 

in the sense of currents. The term with £ = in the sum on the left is easily 
seen to tend to zero in the sense of currents and hence (fT?1|l follows. □ 

Note that it is the difference 

(11) d{xeu{i_-^) - = dx£ A u{j,_^ + {xe - xe+i)Sfu{_^-^^f, 

which converges to the term of R-^ of bidegree {£,£). It is only for the term 
of top degree, the last term in ifTTIl is not present. This explains why the 
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regularization result in [20], Theorem 2.1, coincides with our result for the 
top degree term but not for the terms of lower degree. 

We can also take one x which vanishes to high enough order at zero to 
regularize all terms of and . 

Corollary 5. Assume that x £ C'°°([0, oo]), vanishes to order min{m,n) + 1 
at zero and satisfies = 1- Then for any test form (f we have 

(12) \im [ xilfW^W A if = Uf.^ 

e->0+ J 



(13) lim dx{\f\'^/e) Auf A^ = Rf.if. 

e^0+ J 

Proof. The first statement follows immediately from Proposition |S1 For the 
second one we note that 

Vxu-^ = Vx Au-^ + x'^u^ = —dx Au^ + xVn-^, 

and since x vanishes to high enough order at zero all terms are smooth. 
Outside {/ = 0} we have Vu^ = 1 and hence xVu-^ = x everywhere. 
Moreover, xd/l^/^) tends to 1 in the sense of currents and hence 

dxAuf = x^uf - Vxuf -^l-{l-R^)=Rf 

in the sense of currents. □ 



5. REGULARIZATIONS OF PRODUCTS OF MONOMIAL CURRENTS 

This section contains the technical result about the normal crossing case 
needed to prove our main theorems in the next section. Of particular impor- 
tance is Proposition First we need a generalization of Taylor's formula. 
Lemma El enables us to approximate a smooth function defined on C" in 
a neighborhood of the union of the coordinate hyperplanes instead of in a 
neighborhood of their intersection as in the usual Taylor's formula. The ap- 
proximating functions are in our case not polynomials in general but have 
enough similarities for our purposes. For tensor products of one-variable 
functions this corresponds to multiplying the individual Taylor expansions. 
Lemma El appears as Lemma 2.3 in (22] but the formulation there is unfortu- 
nately not completely correct. We also remark that Lemma (HI is very similar 
to Lemma 2.4 in jH] and that very general Taylor expansions are considered 
in Chapter 1 in [Ijij. Define the linear operator M-^ on C°°(C") to be the 
operator that maps (p to the Taylor polynomial of degree Vj of the function 
Cj- I— > (^(C) (centered at Qj = 0). We note that M-^ and Mj"' commute. To 
see this we only need to observe that 

d , dip , x| _ d'^ip I _ ^ (^fi w 

where d/dQj means that we do not specify whether we differentiate with 
respect to Q or Qj. 
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Lemma 6. Let K C {l,...,n} have cardinality k and let r = {rj)j^K- 
Define the linear operator on C°°(C") by 

= ^ M.' - Ml^M]' + ■■■ + {-IY+^M]1' ■ ■ ■ . 

i<j 

Then for any if € C°°(C") we have 

(14) ^{0 = M^^^iC) + ~J^'' ^^^'^ cpitO dt 



[0,1] 



r! 



where t( should be interpreted as (^i, . . . , ^„), = tj(j if j & K and = (j 
if j ^ I'n particular if — M^ip = 0{\C^^^\). Moreover, M^ip can be 
written as a finite sum of terms, ipuiOC^C"^ , 'with the following properties: 

(a) fij{C) is independent of some variable and in particular of variable 

if Ij + Jj > 0, 

(b) Ij + Jj<rjforjeK, 

(c) if L is the set of indices j S K such that Q ^ flj{C) is non-constant 
then m(C) = O(n,eLl0r^+'). 

Proof. It is enough to prove the lemma when K = {1, . . . , n}. In case n = 1, 
ifTHl is Taylor's formula. For n > 2, we write the integral in (flUl as an 
iterated integral. Formula ifTHl then follows by induction. One can also 
show ifTHl by repeated integrations by parts. The difference f — M'^ip is 
seen to be of the desired size after performing the differentiations of (p{t() 
with respect to t inside the integral. To see that M'^ip can be written as a 
sum of terms ^uiOC^C"^ with the properties (a), (b), and (c), we let r^, 
for any K K, denote the multiindex (r^^, . . . i^j^j^^), f-ij € /iT. A straight 
forward computation now shows that 

M],(^ = ^M;^(v.-M;™y,) 



+ mJ"! •■■Mp«o9. 

n 3k. ^ 

From the first part of the proof (and the definition of MJ^ ) it follows that 
every term on the right hand side is a finite sum of terms with the stated 
properties. □ 

Lemma 7. Let a be a multiindex and let M = M]^ be the operator defined 
in Lemma\^ with K the set of indices j such that aj > 2 and rj = aj — 2, 
j G K . Then for any G ^(C") we have 



1 



A 



1 



(^-M^)= — .^(illTdCNdC 



«/ A is a polydisc containing the support of 99. 
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Proof. Note that by Lemma IHl we have ip- Ad(p = OdC""^!) and so {ip - 
Mip)/('^ is integrable on A. Hence if we let = A (Ij > 6} we get 



[^(Lf-Mip) = lim / ■^((p-Mip) 



,5 

f 1 f I 

= lim / — 09 — lim / — Mip. 

The first limit on the right hand side is the tensor product of the princi- 
pal value currents (acting on (p{i/2)'^dC A dC) and hence it equals 
[l/C"'].ip{i/2)^d( A dC- It follows by anti-symmetry that actually 

—Mip = 
As ^ 

for all 6 > 0. In fact, Mip is a sum of terms ^uiOC^C"^ where Ij + Jj < 
aj — 2 for all j and the coefficient ipij{C) is at least independent of some 
variable. □ 

Lemma 8. Let X1jX2 ^ ^^""([O, oo]) and let $ and "if be smooth strictly 
positive functions on C". Let also M'^ be the operator defined in Lemma\^ 
with K and r arbitrary. Then 

Xl{tl^)X2{t2^) = M],(xi(tl$)X2(t2*)) + |C+^|i?(tl,t2,C), 

where B is bounded on (0, oo)^ y. D if D C^. 

Proof. If D ^ C" both $ and "if have strictly positive infima and finite 
suprema on D and so there is a neighborhood U of [0, oo]2 in M X R such 
that the function {ti,t2,C) ^ Xi(*i^)X2(i2^) is smooth on U x D. From 
Lemma El it follows that 



Xi 



I,JCK 



for some functions Gjj which are smooth on U x D, and the lemma readily 
follows. □ 

To prove Proposition ^2 we will need the estimates of the following two 
elementary lemmas. 

Lemma 9. Let A be the unit poly disc in C" and put Af = {(" € A; > e} 
and Af;'^^^ = {C G A; |C"|^ > ei, \C^\^ > €2}. Then for all e, €j < 1 we have 



L 



'A\Af ICll ■ ■ ■ \Cn 

and 



< eV(2|a|)MQ„g|n- 



A\Af^% ICll • • • ICn 



^ <|(ei,e2)r, 2uj<mtn{\a\-\m-'}. 
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Proof. On the set A \ Af;'^e2, either < ei or |C^p < £2 and so it follows 
from the first inequality that the integral in the second inequality is less then 
or equal to (a constant times) 

6}/('|"|) I log 61 + 4/(^1^1) I log e^r' < + 4/(21/^1)-^ 

for any u > and 10^ < min{|a|~^, |/?|~^}/2 — z^. Hence the second in- 
equality follows from the the first one. To prove the first inequality we first 
integrate with respect to the angular variables and then we make the change 
of variables Xj = log \Cj\ to see that the integral in question equals 

(15) (47r)'^ / e^^^dx, 

where = {x G (— oo,0]"; 2Y^ajXj < lege}. Since all xj < on we 
have exp(^Xj) < exp(— |x|) here, and choosing R = | log e|/(2|a|) we see 
that (fTK|l is less then or equal to /||^|^^| exp(— |x|)(ix. In polar coordinates 

this is easily seen to be of order ei/(2|"l)| loge|"~^. □ 

Lemma 10. Let A be the unit polydisc in and put A" = {C € A; > 

e} and A^^^ = {C S A; |C"P > ei, [C^p > eg}. Then, for e, ej < 1, we have 

€ 1 



iePICi|---|C« 



<el/(2H)M |n- 



1 



\\ra\2 I A/3 12 / I ... I/" I ^ K^l' *^2;| 



and 



eie2 1 ^ 



(^i,e2)r 



where 2u) < min{\a\ ^, \(3\ 



Proof. The second and third inequality follow from the first one since it im- 
plies that the integral in the second one is of the size g^+^/(^i"l) -i-g^"*"^^^^'^'^ < 
K^i) e2)r~'''^ for any r > and that the integral in the third is of the size 

minjej''^^'"'^ I log eil*^"^, £2''^^'^'^ I log e2|'^~^}. To prove the first inequality we 
proceed as in the previous lemma and we see that the integral in question 
equals 

io, e^^"^^^ Jo. 



g2 X] 



-dx 

IQ, e-^"J-J JQ,n{\x\<R} 

+ (47r)"e / -i^ dx, 

jQ,n{\x\>R} e^^"j^^ 



where Qe = {x £ (— oo,0]"; 2^QjXj > lege}. We choose 2R = |loge|/|a|, 
and then n {|x| < R} = {x £ (-00, 0]"; \x\ < R}. If all Xj < we 
have ^Xj < —\x\ and by the Cauchy-Schwarz inequality we also have 
— ^ajXj < |q:||x|. Hence we may estimate the integrand in the second 
to last integral in lfTH|l by exp((2|a| — l)|x|). In the last integral we integrate 
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where e/ exp(2^ ^^j^j) ^ 1 ^iid so we see that the right hand side of ifT?!]! 
is less then or equal to 

(47r)"e / e(2|"l-i)l^ldx + (47r)" / e'l^'ldx. 

J{\x\<R} J{\x\>R} 

By changing to polar coordinates this is seen to be of the size e^/*^^'"') | log e 



n-l 
□ 



The proof of the following proposition contains the technical core of this 
paper. 

Proposition 11. Assume that X\-,X2 G C'°^([0, oo]) vanish to orders k >0 
and £ > at 0, respectively, and that xi(oo) = 1. Then for any test form 
^ G ^n,n(C") we have 

[0, ;^^2(oo)=0 

as ei , 62 — > 0"'" . Moreover, as a function of e = (ei, £2) € [0, 00)^, the integral 
belongs to all io-Holder classes with 2uj < min{\a\~^, |/?|~^}. 

Remark 12. The values of the integral at points (ei,0) and (0,e2), ej / 0, 
are 

X2(oo) ^^^^ [^\.^ and [^\.^ 

respectively. 

Remark 13. The modulus of continuity can be improved by sharpening the 
estimates in the Lemmas and [1(11 but we will not bother about this. This 
is because the multiindices a and /? will be implicitly given by Hironaka's 
theorem and so we can only be sure of the existence of some positive Holder 
exponent when we prove our main theorems anyway. 

Proof. We prove Holder continuity for a path (£1,62) — > 0, ej ^ 0. For a 
general path (inside [0, 00)^) to an arbitrary point in [0, 00)^ one proceeds in 
a similar way. Let K be the set of indices j such that kaj + iPj > 2 and let 
M = be the operator defined in Lemma 111 with rj = kaj + £(3j — 2 for 
j G K. Let also A be a polydisc containing the support of ip. In this proof 
we will identify (f with its coefficient function with respect to the volume 
form in C". We make a preliminary decomposition 

(17) 

Denote by A, the set {C G A;|C°P > eijC'^p > £2}. Since ^p - Mif = 
0(|C^+^|), according to LemmalHl and Xi{^) = 1 we get 

1 /'I 

XiX2{^ - Mif) - X2(oo) / - Mif) 



\lX2-X2{oo) 



< 



A ICl|---|Cn| 
/ |A I \r [ UlX2-X2(oo)| + / 1^ I 1^ 

JA, Kil • • • Kni Ja\a, Ki| • • • lul 
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It follows from Lemma [HI that the last integral is of order lel"^ as ei, £2 — > 0+. 
On the other hand, for C G both \C\^/ei > 1 and |C^|^/e2 > 1 and by 
Taylor expanding at infinity we see that 



xi($iriVei) = xl(oo) + ^i?l(6l/|rl^c), 



X2(^|C^lVe2) = X2(00) + ^i?2(62/|C^P,C) 

where Bi and ,62 are bounded. Using that Xi(oo) = 1 we thus get that 
|xiX2 — X2{oo)\ is of the size ei/|C"P + e2/|C^P- Hence, by Lemma fTTIl the 
second to last integral in (fTH|l is also of order lel"^ as ei,e2 — > 0"*". In view 
of Lemma we have thus showed that the first integral on the right hand 
side of JTZl tends to [l/C''"+^^].y? if ^2(00) = 1 and to zero if X2(oo) = 
and moreover, belongs to the stated Holder classes. We will be done if 
we can show that the last integral in lfT7|l is of order \e\'^ . We know that 
M(p = '^ij ^uC^C"^ where each ipjj is independent of at least one variable 
and Ij + Jj < kuj + £Pj — 2 for j G K. Hence, if ^> and ^' are constants (or 
only depend on the modulus of the (j) then the last integral in (|T7]l is zero 
for all £1,62 > by anti-symmetry. For the general case, consider one term 

(19) / ■7i:^XiX2^ljC'C' 



and let L be the set of indices j € K such that (j 1— ^ij{C) is constant. Let 
also ^ = be the operator defined in LemmalHlwith pj = kaj+£(3j — Ij — 
Jj— 2 for j G L. We introduce the independent (real) variables, or "smoothing 
parameters", ti = |C"p/ei and t2 = |C'^P/e2- Below, -#(xiX2) denotes the 
function we obtain by letting ^ operate on ^ 1— > Xi(*i*^'(C))X2(i2^(C)) and 
then substituting |C"p/ei and |C^P/e2 for ti and t2 respectively. We rewrite 
the integral (|Tn|l as 

'^"'^ ^ -(XiX2 - ^(XlX2)) + / '^//ii-i (XlX2 - ^(XlX2)) 



(20) + / ^^i^-^(xiX2) 



Now, ^(xiX2) is a sum of terms which, at least for some j G L, are 
monomials in C,j and Qj times coefficient functions depending on \C,j\ and 
the other variables. The degrees of these monomials do not exceed pj = 
kaj + £f3j — Ij — Jj — 2 and since Qj 1— > ^ij{C) is constant for j € L we see, by 
counting exponents, that the last integral in vanishes by anti-symmetry 
for all €1,62 > 0. By LemmalHlwe have 

(21) Xl{tl^)X2{t2^) - ^{Xl{h^)X2{t2^)) = \C^^\B{h,t2,0, 

where B is bounded on (0, 00)^ x A. We note also that by LemmalHl y^uiC) = 
^iY[j£L\K \Cj\^^~^^)- From (|2T1l we thus see that the modulus of the second 
integral in l(2n|l can be estimated by 

/ ' 

Ia\A, |Ci| • • • |Cn| 



c 
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which is of order |e|'^ by Lemma It remains to consider the first integral 
in (1201). On the set we have that $|C"P/ei and ^'|C^p/e2 are larger then 
some positive constant and so by multiplying the Taylor expansions of the 
functions ti i— > xii^i^) and t2 i— > X2(i2^) at infinity we get 

XimaVei)X2m^\Ve2) = X2(oo) + -^X2(|C^lVe2,C) 



+ ;^2(00)^Xl(irPM,C) 



+ ^i^^xi(iri'Ai,C)x2(IC^!Ve2,C) 

where Xj are smooth on [1, oo] x A. Now since |C"P/ei = and |C^P/e2 = ^2 
are independent variables we conclude that 

€2 £l 

XiX2 - -^(XiX2) = |^^(X2 - -^X2) + |^^X2(oo)(xi - ^Xl) 

+ |^«|2[^/3|2 feX2-.^(XlX2)) 

for ^ G Ag. By Lemmas El and El we see that the first integral in (|2?Hl also is 
of order |e|'^ as ei, €2 — > 0"'" and the proof is complete. □ 

Remark 14. Let us assume that the function $ is identically 1 in the previ- 
ous proposition. Then, instead of adding and subtracting ^(xiX2) in pH]! . 
it is enough to add and subtract Xi'^(X2)- This suggests that one can relax 
the smoothness assumption on xi- It is actually possible to take xi to be 
the characteristic function of [1, 00]. If we define the value of the integral in 
Proposition ITT] at a point (ei,0) to be 

(22) / T^Xi{\a'/ei){v-M^), 



1^ Qka+tp 

where A and M are as in the proof above, then the conclusions of Proposition 
^2 hold for this choice of xi- Only minor changes in the proof are needed to 
see this. One can also check that is a way of computing 

Xi(iriVei)[^fe^]-¥'- 

The product Xi(lC°P/£i)[l/C'^"^^^] is well defined because the wave front 
sets of the two currents behave in the right way, at least for almost all ei, 
see [Zj. 

We make another useful observation. Since the function x(s) = xi'^/s) 
is smooth at zero and ')('{s) := — ^x'(l/s), it follows that s 1— > x'{'^/s)/s 
is smooth at zero and vanishes for s = 0. Hence, t 1— > x'if)^ is smooth on 
[0,00], vanishes to the same order at zero as x, and maps 00 to 0. From 
Proposition ^2 we thus see that we have 

Corollary 15. Assume that Xi;X2 G C'°°([0,oo]) vanish to orders k and i 
at zero respectively, and satisfy Xj(oo) = 1. For any smooth and strictly 
positive functions ^ and ^' on C"' and any test form f € S'n,niC"') we have 

(23) lim ^ / -:^XimC\Vei)x'2m^\'/e2)^-^^ = 0, 
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and moreover, as a function of e = (£1,62) S [0,oo)'^, the integral belongs to 
all uj- Holder classes with 2uj < min{\a\~^ , \(3\^^}. 

6. Regularizations of products of Cauchy-Fantappie-Leray 

type currents 

We are now in a position to prove our main results. We start with a 
regularization of the product /\U^ . Recall that if / is function then 
= [1//] times some basis element. 

Theorem 16. Let f and g he holomorphic sections (locally non-trivial) of 
the holomorphic mj-bundles E* —> X , j = 1,2, respectively. Let X1tX2 € 
C°°([0, 00]) be any functions vanishing to orders mi and m2 at zero respec- 
tively, and satisfying Xj(oo) = 1. Then, for any test form (p we have 

I Xid/lVei^ A X2(blVe2K ^Mf ^ UU U^.ip, 

as €1,62 0+. Moreover, as a function of e = (£1,62) G [0,oo)^ the integral 
on the left hand side belongs to some Holder class independently of (p. 

Proof. Recall that A .if is defined as the value at zero of the meromor- 
phic function 

A ^ y I/PV A l^pV A V9. 

Assuming only that xi and X2 vanish to orders k < mi and i < m2 at zero 
respectively we will show that 

(24) j Xi4,k-i A X2ul,_i j \f?H,k-i A \9?^4/-i A ^\^^^ 

and that the left hand side belongs to some Holder class. This will clearly 
imply the theorem. We may assume that has arbitrarily small support 
after a partition of unity. If if has support outside /~^(0) U (7~^(0) it is 
easy to check that holds and hence we can restrict to the case that 
if has support in a small neighborhood of a point p G /~^(0) U ^"^(0). 
We may also assume that U is contained in a coordinate neighborhood and 
that all bundles are trivial over U. We let (/i, . . . , /mi) and ((71, ... , 5^2) 
denote the components of / and g respectively, with respect to some holo- 
morphic frames. It follows from Hironaka's theorem, possibly after another 
localization, that there is an n-dimensional complex manifold U and a proper 
holomorphic map Il:U^hl such that 11 is biholomorphic outside the nullset 
n*{/i • • • /mi • ffi • • • 5m2} and that this hypersurface has normal crossings in 
U. Hence we can cover U by local charts, each centered at the origin, such 
that n*/j and ^*gj are monomials times non-vanishing functions. The sup- 
port of n*(/j is compact because H is proper and hence, we can cover the 
support of Ii*ip by finitely many of these charts. We let pk be a partition 
of unity on supp(n*(^) subordinate to this cover. Now, following jlH] and 
0, given monomials fii...,iJ,u, one can construct an n-dimensional toric 
manifold X and a proper holomorphic map H: ^ — > C" which is monoidal 
when expressed in local coordinates in each chart. Moreover, IT is biholo- 
morphic outside n*{ti ■■■tn = 0} and in each chart one of the monomials 
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n*//i, . . . ,IL*fiu divides all the others. By repeating this process, if neces- 
sary, and localizing with partitions of unity at each step, we may actually 
assume that fj = fJ'fjfj and gj = ^-g^jgj where fj and gj are non- vanishing 
and fif^j and are monomials with the property that iJ^j^y^ divides all iXf^j 
and //g,i/2 divides all for some indices ui and 1/2. Denote fif^v^ by and 
^^9,V2 by C^. It follows that |/p = |C"P$ and \gf = [C^P^ where $ and ^' 
are strictly positive functions. Moreover, s/ = C"^/ aiid 

/ _ s/ A (9s/)'=-i _ 1 Sf ^{^Sff-^ _ 1 

where ul is a smooth form and similarly for u\f^_^- In order to prove 
it thus suffices to prove 



(25) iXmClMuf , X2m^?/e,) 

y"^^! / /-ka ^k,k-l /-i0 ^ 



A=0 



where (p = pkjU* ■ ■ ■ Pki^if and that the integral on the left hand side 
belongs to some Holder class. But by Proposition ^2 it does belong to some 
Holder class and tends to A 'uf^_^ A (f. One can verify that 

this indeed is equal to the right hand side of l(25|l by integrations by parts 
as in e.g. [2j. □ 

Remark 17. This theorem can actually be generalized to any number of 
factors . One first checks that the analogue of Proposition holds for 
any number of functions Xj and then reduces to this case just as in the proof 
above. In particular, if fj, j = 1, . . . ,p, are holomorphic functions and Xj 
vanish at 0, we have 

Xid/iPAi) XpiW/ep) .1 1. 

[—■■■— 



fi fp fi f] 



p 



unrestrictedly as all ej — > 0"^. However, we focus on the two factor case since 
we do not know how to handle more than two residue factors. 

To prove our regularization results for the currents f\W and f\W we 
have to structure the information obtained from an application of Hironaka's 
theorem more carefully and then use Proposition and Corollary in the 
right way. The technical part of this is contained in the following proposition. 

Proposition 18. Assume that XI1X2 £ C'°°([0,oo]) vanish to orders k and 
£ at zero, respectively, and satisfy Xj(oo) = 1- Let a', a", (5' and (3" he 
multiindices such that a' , a" and [3' have pair-wise disjoint supports, and 
a'- = if and only if (3" = 0. Assume also that f G ^„^,i_i(C") has the 
property that d^j/Cj A(/9 G ®„^„(C"') for all j such that a" 7^ 0. Then for any 
smooth and strictly positive functions $ and ^' on C" we have 



lim / ^-^xi(^lwlVei)9x2(^'|/U2|Ve2) A(/7 



1 



1 
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where /ii = (^"'+"" and H2 = Moreover, as a function ofe = (61,62) S 

[0,00)^, the integral belongs to all io-H6lder classes with 2lo < min{\a' + 
a"\-\\P' + 

Remark 19. Note that the hypotheses on the multiindices imply that a 
factor (j divides both the monomials fii and /i2 if and only if a" 7^ (or 
equivalently (3" 7^ 0). In particular, the tensor product of the currents is well 
defined. 

Remark 20. We may let A; or £ or both of them be equal to zero and the 
conclusions of the proposition still hold. In case i = one should interpret 
d[l/C^^ ] as zero. 

Proof. Let L and be the set of indices j such that Pj ^ 0, /3j 7^ and 
= respectively. Clearly L C K'^. We write d = Bk + Bk'^ and integrate 
by parts with respect to Bk to see that 

(26) / -^Xi{Bk + Bk^)x2 A^ = 

Ia*iP - /" 1 - 

rX'i— X29x^ A V? - / —r-FXlX2BK<P 



h P ■ - 

lJ'lfJ'2 " ^1 -J t^lfJ'2 

|2 

/ \H-2 
X1X2 

t^ltJ'2 



J M1P2 ''2 ^.g^ 



Note that Bk does not fall on |/iip because of the hypotheses on the mul- 
tiindices. By assumption, d(j/(j A (^9 € ^„^n(C") for j & L and so the first 
and the last integral on the right hand side of (PH|) tend to zero and has 
the right modulus of continuity by Corollary ^1 The second to last integral 
in (EEl tends to -[l/(//J/i|)].9i^(/? = [l/(/i^C^^")] ® B[l/C^l^'].ip and has the 
right modulus of continuity by Proposition □ 

Theorem 21. Let f and g be holomorphic sections (locally non-trivial) of 
the holomorphic mj-bundles E* ^ X , j = 1,2, respectively. Assume that 
the section f (B g of ® E2 X defines a complete intersection. Let 
Xi, X2 S C°°([0, 00]) be any functions vanishing to orders mi and m2 at zero 
respectively, and satisfying Xj(oo) = 1. Then, for any test form f we have 

(27) / Xi(l/lVei)^^^ A Bx2{\9\Ve2) Au^A^^U^ A 



as 61,62 0^. Moreover, as a function of e = (61,62) G [0,oo)^ the integral 
on the left hand side belongs to some Holder class independently of (p. 

Proof. We will assume that xi and X2 only vanish to orders k < mi and 
£ < m2 respectively and show that 



(28) I XiuLiABx2AuI,_,A^^ / \f\'\i,^,AB\gf^Anl,_,Aip 



A=0 



By arguing as in the proof of Theorem ITHl we may assume that |/p = j^°p<I> 
and = K^^p^f where $ and ^' are strictly positive functions and moreover. 
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that ul = u^f^ C^"' for a smooth form and similarly for 

What we have to prove is thus 

J ^ ^k,k-i^ ^ ^e/^i^'P 



-1- 



A=0 



(^ka "'k,k-l Qip 

where (p = Pkj^j ■ " ' Pki^i^- After the resolutions of singularities we can 
in general no longer say that the pull-back of / © 5 defines a complete in- 
tersection. On the other hand we claim that if Cj divides both and 
then d(j/(j A if is smooth. In fact, let z be local coordinates on our original 
manifold. In order that the integrals in should be non-zero, f has to 
have degree n — k — £ + 1 in dz and so we can assume that 

ip= ^ ifjAdzj. 

#J=n-k-l+l 

Since the variety Vf^g = f~^{0) n g~^{0) has dimension n — mi — 1712 < 
n — k — l + 1 we see that dzj vanishes on V/®g. The pull-back of dzj through 
all the resolutions Ilj can be written Ylii Ci{C,)dC,i and it must vanish on the 
pull-back of Vf(Bg- In particular it has to vanish on {C,j = 0} if Qj divides both 
C° andC^. lidCj does not occur in dC,i it must be that the coefficient function 
C/(C) vanishes on {Qj = 0}. But these functions are anti-holomorphic and so 
Qj must divide Cj^Q). The claim is established. We now write = C" 
and = C^'^^" where a', a" and (3' have pairwise disjoint supports and 
a" = if and only if (5" = 0. Thus, Cj divides both C" and if and only if 
a'- 7^ 0, or equivalently, j3'- 7^ 0. According to Proposition ^1 the left hand 
side of (|29|l belongs to some Holder class and tends to 



1 



d 



1 



■Kk-i ^ ^ ^■ 



One can compute the right hand side of (|29|l by integrations by parts as in 
e.g. f2j to see that it equals the same thing. □ 

Remark 22. The form dx2{\9\'^ / ^2) A is actually smooth even if X2 only 
vanishes to order m2 at 0. The only possible problem is with the top degree 

r?i2,m2 — 1 ■ 



term 9x2(|5'P/e2) A uf^ But we have 



C-(X) 9 a(x2(|9lVe2R,,™,_i) = dx2{\9\Ve2)Aul^^^^_, 

+ X2(blVe2)9M^2,»n2-l> 



and since 1*^2^2-1 9-closed (outside Vg) it follows that dx2{\g\ /£2) A 
m2-i smooth as well. 

Corollary 23. With the same hypotheses as in Theorem\^we have 
j dxiiU^/ei) A A dx2{\g? /e2) Au^A^^R^ A R'^.^p, 

(30) [ Sxid/lVei) A ufx2{\g\Ve2) A^^ R^ .ip, 
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and 

(31) / Xid/lVei) A A dx2{\9\Ve2) A if 



as ei, 62 — > 0^, and as functions of e = (ei, €2) G [0, 00)^ </ie integrals on the 
left hand sides belong to some Holder classes independently of 

Proof. We have the following equality of smooth forms: 

(32) V(5xi Au^ A X2U^) = -dxi A X2U^ - dxi Au^ A 8x2 A 

+ 9xiAm^X2- 

The computation rules established in (221, Theorem |^ now imply that, 
for any test form ip (of complementary total degree), we have 

.if - Rf A W .if = V{Rf AU3).ip = -R^ AU^.Vif 
= lim — / Bxi Au^ A X2U^ A 



lim / V{dxi Au^ A X2U^) A ip. 



The integral on the second row is Holder continuous by Theorem!^ and so, 
also the integral on the third row is. By choosing (p of appropriate bidegrees 
the corollary now follows from □ 

The statements IpT]! and (pTTIl actually hold with no assumptions on the 
behavior of X2 at zero. This can be seen by using that we know this when 
X2 = 1 by Corollary and when X2 vanishes to high enough order by the 
previous corollary. 

Assume that / defines a complete intersection and pick a holomorphic 
function g such that f ®g also defines a complete intersection and such that 
g is zero on the singular part of Vy. After resolving singularities in the proof 
of Theorem |^ we can find coordinates such that is a monomial times a 
non- vanishing holomorphic function g. But g can be incorporated in some 
coordinate and we can therefore assume that g = I. Repeating the proof of 
Theorem and using Remark one shows that lpTn|l holds for X2 equal 
to the characteristic function of [l,oo]. Then, if we first let ei tend to zero, 
keeping €2 fixed, and after that let €2 tend to zero we get that 

lim X2{\9?/t2)Rf = Rf- 

We remark that the product X2{\g\'^ / (-2)R^ is well defined since the wave front 
sets of X2(|9p/e2) and R^ behave properly, see e.g. [Jj. Since X2(|9p/e2) 
equals the characteristic function of > €2} we have 

Corollary 24. /// defines a complete intersection then the Cauchy-Fantappie- 
Leray current R^ has the standard extension property. 

This is a well known result and follows from the fact that R^ equals the 
Coleff-Herrera current in the sense of 0. It is even true that xpg{^)R^ ~^ 
R^ , e — >■ 0"*" where p is a positive smooth function and Xpg{^) is the char- 
acteristic function of {\pg\ > e}. In fact, via Hironaka and toric resolutions 
one reduces to the case of one function and then one can proceed as in 
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We know from [2E] that if f(Bg defines a complete intersection then /\W 
consists of one term of top degree. Hence, it is only the top degree term of 
dxi Ait'^ A9x2 Am^ which gives a contribution in the limit. With the natural 
choices xi(*) = i™V(i + 1)""' and X2{t) = f^^/it + l)'"^ Corollary EHl and 
Remark 122 thus give 

Corollary 25. Let f and g he holomorphic sections (locally non-trivial) of 
the holomorphic mj-bundles E* X , j = 1,2, respectively. Assume that 
the section f (B g of El® E2 X defines a complete intersection. Then, for 
any test form (p we have 

Sf AidSf)"''-^ ^Sg A (dSg)"^^-^ r ^„ 



(l/P + ei)™^ {\g\^ + e2r^ 

as £1,62 0"*", and the integral to the left belongs to some Holder class 
independently of (f. 

For sections / and g of the trivial line bundle we get the result announced 
in 122]. 

Corollary 26. Let f and g be holomorphic functions defining a complete 
intersection. Then for any test form (p we have 



^ttJ- A d--7^ A 



d- A d- 

f g 



.if 



as £1,62 — »■ O"*", and the integral to the left belongs to some Holder class 
independently of (p. 

Proof. We consider / and g as sections of (different copies of) the trivial line 
bundle X xC ^ X with the standard metric. Then, suppressing the natural 
global frame elements, we have sj = f and Sg = g. By Corollary [23 we are 
done since ii^ A R^ is the Coleff-Herrera current. □ 

So far, in this section, we have used one function x to regularize all terms 
of U'^ . One could try to take different x'^ for different terms. We recall the 
natural choices t^ /{t-\- 1)^ from Corollary 0] and we let ul = Sf/{Vsf + e) = 
^ s/ A idsff-^/{\f\^ + e)^ The next theorem says that, in the complete 
intersection case, the product of two such regularized currents goes unre- 
strictedly to the product, in the sense of |26l, of the currents. 

Theorem 27. Let f and g be holomorphic sections (locally non-trivial) of 
the holomorphic mj-bundles E* X , j = 1,2, respectively. Assume that 
the section f (Bg of E^Q E2 ^ X defines a complete intersection. Then, for 
any test form (f we have 

A Vnf^ Aip ^ {Uf -Uf A R3).ip 

as £1,62 — > 0"*", and the integral to the left belongs to some Holder class 
independently of (p. 

Proof. We first note that 

v< = i-^2 2:7r$x^' 
^(br + e2)^ 
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see the proof of Corollary 0] As C/-'^ A ii^ is defined as the value at zero of 
the analytic continuation (in the sense of currents) of A ^jgip^ A n^, 

what we have to prove is 

7 (1/1+ ei) (br + e2)^ 

and that the integral on the left belongs to some Holder class. We first 
consider the case i = 1. The right hand side of ^'.VA^ should then be in- 
terpreted as zero. We write the integrand on the left hand side of l(33|l as 
Xi(l/lVei)X2(blVe2)<fc_i Ay. where xi(t) = t''/{t + l)'' and X2{t) = l/{t + 
1). As in the proof of Theorem [T?)l we may assume that = v-l , 

where ■"{^.i is a smooth form, that |/p = IC"']^ and that l^p = jC'^P^', 
where $ and ^ are strictly positive smooth functions. Since X2{oo) = the 
left hand side of (|33]l tends to zero and belongs to some Holder class by 
Proposition im For ^ > 2 we proceed as in the proof of Theorem [211 and we 
see that we may assume that / = (/i, . . . , fm) and g = {gi, . . . ,gm2) with 
fj = Q^' fj and gj = C^^fi'j where all /j and g'j are non- vanishing and more- 
over, that for some indices v\ and V2 it holds that := C""^ divides all C"^ 
and CP := C^"^ divides all C^^ . From the same proof we also see that we may 
assume that dC,j/C,j A(^ is smooth (and compactly supported) for all Cj which 
divide both and , since f ® g defines a complete intersection. We use 
the notation from the proof of Theorem Ell e.g. = |("|2$ = |(;;°'+°"|2$^ 
u{^^_^ = ^i(fc_i/C''^°'+""^ and \g\^ = [C^p^- = |^/3'+/3"|2^ etc. We also in- 
troduce the notation Xj{t) for the function P /{t + 1)-', and so, in particular, 
we can write + e)-' = Xjit/^)/^'^ ■ For £ > 2, one can verify that 



(34) ^^TjP^i = ^^X.-i(IC^P^A2)Ant,,_2 



+ ^^^-i(ic^i'^A2)^^anf_,,_, 

Using this identity we see that the integral on the left hand side of (|33|l splits 
into two integrals. The integral corresponding to the last term in tends 
to zero as ei, £2 — > and belongs to some Holder class according to Corollary 
[TKl By Proposition the integral corresponding to the first term on the 
right hand side of also belongs to some Holder class and tends to 



(35) 



d 



1 



as ei, £2 0. This is seen to be equal to the right hand side of (|33|l by using 
the methods in □ 
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7. The Passare-Tsikh example 

Let f = zf, g = zf + Z2 + zf and f = pz2gdzi A dz2 where p has compact 
support and is identically 1 in a neighborhood of the origin. Since the com- 
mon zero set of / and g is just the origin they define a complete intersection. 
In Passare and Tsikh show that the residue integral 

(ei,e2)^/j;,(ei,e2)= Lp^,^^ 

is discontinuous at the origin. More precisely, they show that for any fixed 
positive number c 7^ 1 one has lime^o gi^^^ ^^'^) — tiut lim^^o 7^ 
0. On the other hand, by Fubini's theorem we have 

e2e2lf^g{ti,t2)dtidt2 _ f eid\f\^ ^ e2d\g\^ a ^ - 



f A i5 f 

A O-r—TK A If. 



[0,00) 



(ti + 6i)2(t2 + e2)2 J (|/|2 + 6i)2 (|<7|2+e2)2 fg 

(36) / 



l/P + 61 \g\' + e2 



Hence, this average of the residue integral is continuous at the origin by 
Corollary [2^1 In this section we will examine the last integral in as 
€1,62 explicitly. We will see that it is continuous at the origin with 
Holder exponent at least 1/8 and that it tends to zero. Morally, the value 
of Ij^(ei,e2) at should be the Coleff-Herrera current associated to / and 
g multiplied by Z2g acting on pdzi A dz2- But both g and Z2 annihilate the 
Coleff-Herrera current since g belongs to the ideal generated by / and g, 
and Z2 belongs to the radical of this ideal. We will thus verify Corollary OHl 
explicitly in this special case. 

Our first objective is to resolve singularities to obtain normal crossings. 
This is accomplished by a blow-up of the origin. The map vr: BqC'^ — > 
looks like ■k{u,v) = {u,uv) and Tr{u',v') = {u'v',u') in the two standard 
coordinate systems on BqC'^. The exceptional divisor, E, corresponds to the 
sets {u = 0} and {u' = 0} and vr is a biholomorphism BqC^ \E -^C^\{0}. 
In the (u, t;)-coordinates we have vr*/ = and 7r*g = {l + v^ +u). The 
function 1 + v"^ + u has non-zero differential and its zero locus intersects E 
normally in the two points v = i and v = —i. Moreover, in the {u',v')- 
coordinates we have vr*/ = u'^v'^ and vr*g = -|- 1 -|- u'v'^). The zero 

locus of v''^ + 1 + u'v'^ intersects E normally in the points v' = —i and = i, 
which we already knew, and it does not intersect v' = 0. Also, the differential 
of v''^ + 1 + u'v'^ is non-zero on the zero locus of v'"^ + 1 + u'v'^ . Hence, 
{■K* f ■■K*g = 0} has normal crossings. We assume that ip has support so close 
to the origin that supp(vr*(/?)n{l-|-t'^-|-u = 0} has two (compact) components, 
Ki and K2, and that these components together with the compacts K3 = 
supp(vr*(/?) n = 0} and = supp(vr*(/7) fl {v — 0} are pairwise disjoint. 
We can then choose a partition of unity such that ^Pj = ^ on the 

support of vr*(/9 and for each j = 1,2,3,4, the support of pj intersects only 
one of the compacts K2, K3 and K4. We choose the numbering such 
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that the support of pj intersects Kj . The last integral in now equals 

(37) E / ^^^2^^^^72^^/'^-^V:=/l+^2+/3+/4. 

F*/r + ei \TT*g\^ + e2 

In fact, it is only in Is we have resonance and we start by considering the 
easier integrals Ii, I2 and I4. The integrals Ii and I2 are similar and we only 
consider Ii. The support of pi is contained in a neighborhood of pi = (0, i) 
in the (u, t;)-coordinates and pi7r*ip = pin* puvir* gudu Adv. Integrating by 
parts we thus see that 

d-, 777^ ■; tt; A uBiuv piTT* pdu A dv). 

Since tt*/ = depends on u only, the term of d{uvpi-K* p) involving du 
does not give any contribution to Ii. Hence we can replace d{uvpiTT* p) by 
uifi where ipi is smooth and supported where pi is. We put d = u and 
C2 = 1 + "f^ + which defines a change of variables on the support of pi. In 
these coordinates vr*/ = (f and ■K*g = (1(2 and so we get 

idxi\Ct\Vei)xi\Ck2\Ve2)ACWi 
^1 

where x{t) = t/{t + 1). We also write BxHCtWei) = 4x(|C?|Vei)dCi/Ci, 
where = + 1)^. To proceed we replace (the coefficient function of) 
^^Ci/Ci A CiVi by its Taylor expansion of order one, considered as a function 
of Ci only, plus a remainder term |CipS(C)) with B bounded. The terms 
corresponding to the Taylor expansion do not give any contribution to Ii 
since we have anti-symmetry with respect to Ci for these terms. Hence, we 
obtain 

(38) |/i|< / |^^^x(ICfPM)x(IC?C2pA2)|, 

where A is a polydisc containing the support of ipi. We estimate |-B(C)| 
and x(ICiC2p/e2) by constants, and on the sets = G A; > ei} 
and A \ A, we use that xdCfPAi) < ^i/ICfP and xdCfPAi) < iCfPAi 
respectively, to see that the right hand side of l(38|l is of the size |e[^/^. 

To deal with I4 we proceed as follows. The support of p^ is contained in a 
neighborhood of p4 = (0,0) in the («', u')-coordinates and vr*/ = -u'^f'^ and 
Tr*g = u''^{l + v''^ + u'v'^) := On the support of pi we have g ^ 0. The 
multiindices (4, 4) and (2, 0) are linearly independent and so we can make 
the factor g disappear. Explicitly, choose a square root g^^'^ of g and put 
Ci = u'g^/'^ and C2 = v'g~^/'^. In these coordinates n* f = Cf^l = Ci- 

One also checks that p^tt*^ = \C,i\'^t:* g^A where (^94 is a test form of bidegree 
(2,0). After an integration by parts we see that 



(39) 
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Since Tr*g = only depends on Ci we may replace 5(|CiP'/'4) by |Cip5(/94 in 
Computing d{\TT* g\^ / {\tt* g\^ + €2)) we find that 

^ xi\CtCl\Ve,)xi\C!\Ve2)dCiAd^,. 



CHI 



With abuse of notation we write the test form dCi A dip4, as fid( A d(. Let 
M = be the operator defined in Lemma IHl Explicitly, we have 

Mip4 = Mlip4 + M|(/?4 - MlM2ip4 

= Ml{ip4 - M^ipi) + M|(934 - M1V4) + Ml M|(^4. 

All of the following properties will not be important for this computation 
but to illustrate Lemma El we note that the second expression of Mip reveals 
that M(p4 can be written as a sum of terms 4>ij{C)C^C^ with /i + Ji < 1 and 
/2 + J2 < 2 and moreover, that (pu is independent of at least one variable 
and is of the size OdCiP) if it depends on d and of the size 0(1^2^) if it 
depends on ^2- By Lemma El we also have 994 = M934 + |CiP|C2p^(C) for 
some bounded function B and so 

h = [ -^XXM^4 + I -^XX\CiW2?B{Q =:h.i+h.2, 

where A is a polydisc containing the support of (f^. By anti-symmetry 
/4 1 = 0. To estimate I4 2 we use that \xB\ is bounded by a constant and 
that xmfWe^) < e2/|C?P and x(^IC?lVe2) < \Cf\Ve2 on the sets A, = 
{( G A; ICi P > €2} and A \ A^ respectively. Hence, 

(40) |/4.2|< / ^ 



/a, ICfPICl||C2| yA\A.e2|Cl||C2|' 

which is seen to be of the size |e|^/^. 

It remains to take care of Is. We are now working close to u = v = 
and TT*f = vf^ and g = + + u) := n^'g. The multiindices are linearly 
dependent and we cannot dispose of the non-zero factor g. We rename our 
variables [u^v) = (Ci)C2) and proceed in precisely the same way as we did 
when we were considering I\. We get 

^m\?i^i)xmi?ie2)^zd^ A dc, 

where $ = \g\^ is a strictly positive smooth function and (^93 is smooth with 
compact support. As before, we replace (/^s by M^^ip-^ -|- |CiP-B(C)- The 
integral corresponding to |CiP-B(C) satisfies the same estimate as the one in 
l(HH|l and hence is of the size |ei|^/^. We cannot use anti-symmetry directly 
to conclude the the integrals corresponding to the other terms in the Taylor 
expansion tend to zero since the factor g is present. We illustrate why this is 
true anyway by considering the integral corresponding to the term v^sCO, ^2)- 
Let A be a polydisc containing the support of ipj, and consider 

(41) / ;^3X(IC?lVei)x(^ICfPA2)9^3(0,C2). 

^A S,l 
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We introduce the smoothing parameter i = |Ci P/e2 as an independent vari- 
able and write 

xm = xm - M^xm + M^xm ■.= \ci\^B{t,c)+Mixm. 

Here B is bounded on [0, oo] x A. Substituting into (|¥T1l we obtain one 
integral corresponding to |CiP-B(|Ci P/£25 C); which satisfies an estimate like 
lpTH|l . while the integral corresponding to M^^xi^lCil'^ / ^2) is zero since we 
have anti-symmetry with respect to Ci- Hence I/3I < \e\^^^- 

Acknowledgments 

I am grateful to Mats Andersson and Jan-Erik Bjork for valuable com- 
ments and remarks on preliminary versions. 

References 

[1] Mats Andersson. Integral representations with weights. I. Math. Ann., 326(1):1-18, 
2003. 

[2] Mats Andersson. Residue currents and ideals of holomorphic functions. Bull. Set. 

Math., 128(6):481-512, 2004. 
[3] D. Barlet. Developpement asymptotique des fonctions obtenues par integration sur 

les fibres. Invent. Math., 68(1):129-174, 1982. 
[4] Carlos A. Berenstein, Roger Gay, Alekos Vidras, and Alain Yger. Residue currents 

and Bezout identities, volume 114 of Progress in Mathematics. Birkhauser Verlag, 

Basel, 1993. 

[5] Carlos A. Berenstein, Roger Gay, and Alain Yger. Analytic continuation of currents 

and division problems. Forum Math., 1(1):15-51, 1989. 
[6] Jan-Erik Bjork. Residue current and ©-modules on complex manifolds, preprint, 

Stockholm, 1996. 

[7] Jan-Erik Bjork. Residues and ©-modules. In The legacy of Niels Henrik Abel, pages 
605-651. Springer, Berlin, 2004. 

[8] Nicolas R. Coleff and Miguel E. Herrera. Les courants residuels associes a une forme 
meromorphe, volume 633 of Lecture Notes in Mathematics. Springer, Berlin, 1978. 

[9] A. Dickenstein and C. Sessa. Canonical representatives in moderate cohomology. In- 
vent. Math., 80(3):417-434, 1985. 
[10] William Fulton. Introduction to toric varieties, volume 131 of Annals of Mathematics 
Studies. Princeton University Press, Princeton, NJ, 1993. The William H. Roever 
Lectures in Geometry. 

[11] M. Herrera and D. Lieberman. Residues and principal values on complex spaces. 

Math. Ann., 194:259-294, 1971. 
[12] Heisuke Hironaka. Resolution of singularities of an algebraic variety over a field of 

characteristic zero. I, II. Ann. of Math. (2) 79 (1964), 109-203; ibid. (2), 79:205-326, 

1964. 

[13] Lars Hormander. The analysis of linear partial differential operators. I, volume 256 of 
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Math- 
ematical Sciences]. Springer- Verlag, Berlin, 1983. Distribution theory and Fourier 
analysis. 

[14] G. Kempf, Finn Faye Knudsen, D. Mumford, and B. Saint-Donat. Toroidal embed- 
dings. I. Springer- Verlag, Berlin, 1973. Lecture Notes in Mathematics, Vol. 339. 

[15] Mikael Passare. Produits des courants residuels et regie de Leibniz. C. R. Acad. Sci. 
Pans Ser. I Math., 301(15):727-730, 1985. 

[16] Mikael Passare. A calculus for meromorphic currents. J. Reine Angew. Math., 392:37- 
56, 1988. 

[17] Mikael Passare. Residues, currents, and their relation to ideals of holomorphic func- 
tions. Math. Scand., 62(1):75-152, 1988. 



REGULARIZATIONS OF RESIDUE CURRENTS 



27 



[18] Mikael Passare and August Tsikh. Residue integrals and their Mellin transforms. 
Canad. J. Math., 47(5):1037-1050, 1995. 

[19] Mikael Passare and August Tsikh. Defining the residue of a complete intersection. In 
Complex analysis, harmonic analysis and applications (Bordeaux, 1995), volume 347 
of Pitman Res. Notes Math. Ser., pages 250-267. Longman, Harlow, 1996. 

[20] Mikael Passare, August Tsikh, and Alain Yger. Residue currents of the Bochner- 
Martinelli type. Publ. Mat., 44(1):85-117, 2000. 

[21] A. A. Pavlova. On some residue currents for complete intersections. Mathematical 
Models. Proc. International Conf. Krasnoyarsk, (2):129-136, 2001. 

[22] Hakan Samuclsson. A regularisation of the Coleff-Herrera residue current. C. R. Math. 
Acad. Set. Paris, 339(4):245-250, 2004. 

[23] Laurent Schwartz. Courant associe a une forme differentielle meromorphe sur une 
variete analytique complexe. In Geometric differentielle. Colloques Internationaux du 
Centre National de la Recherche Scientifique, Strasbourg, 1953, pages 185-195. Centre 
National de la Recherche Scientifique, Paris, 1953. 

[24] Laurent Schwartz. Division par unc fonction holomorphe sur une variete analytique 
complexe. Summa Brasil. Math., 3:181-209 (1955), 1955. 

[25] A. K. Tsikh. Multidimensional residues and their applications, volume 103 of Transla- 
tions of Mathematical Monographs. American Mathematical Society, Providence, RI, 
1992. Translated from the 1988 Russian original by E. .J. F. Primrose. 

[26] Elizabeth Wulcan. Products of Residue Currents of Cauchy-Fantappie-Leray Type. 
preprint, CTH and Goteborg University, 2004. 

Matematik, Chalmers tekniska hogskola och Goteborgs universitet, 
S-412 96 Goteborg, Sweden 

E-mail address: hasain@math.chalmers.se 



